The purpose of this paper is to present the two following theorems:
1. Introduction. A standard theorem of measure theory states that every Baire measure on a locally compact Hausdorff space X is both inner and outer regular on the o-ring !%a generated by the compact <Si subsets of X (cf. [4] ). Another standard theorem states that every Baire measure on ,^0 can be extended to a Borel measure on the oalgebra âS0 generated by the closed subsets of X. The purpose of this note is (1) to show that if the space is paracompact and the Baire measure is inner regular on 38a (the cr-algebra generated by the compact ^ subsets of A"), then the Baire measure can be extended to a Borel measure on á?0 so that its extension is also inner and outer regular, and (2) to show that (without the assumption of paracompactness) such an extension is not always possible.
2. Definitions. In the following, X will be a locally compact Hausdorff space. A subset of X will be called a Baire set (Borel set, resp.) if and only if it is a member of the smallest o--algebra 3Sa (á?0, resp.) containing all the compact < §b sets (closed sets, resp.). A measure p on SSa (á?0, resp.) will be called a Baire (Borel, resp.) measure if it is finite on all the compact <&i sets (compact sets, resp.). A Baire (Borel, resp.) measure will be called inner regular if p(E) = s\ip{p(K):K <= E, A"compact ^6 (Kcompact, resp.)} for all Baire (Borel, resp.) sets E. A Baire (Borel, resp.) measure will be called outer regular if p(E) = inf{/i(0):0 => E, 0 open, and 0 e SSa (0 open, resp.)} for all Baire (Borel, resp.) sets E. A Baire (Borel, resp.) measure will be called regular if it is both outer regular and inner regular.
A set will be called a-compact if it is the union of countably many compact sets; a-bounded if it is contained in a c-compact set.
3. Regularity of Baire measures.
Problem 14.10b of [6] states (after a suitable adjustment of terminology) that every inner regular Baire measure is outer regular. The author of [6] then uses this result to prove Theorem 14.11 which asserts that any inner regular Baire measure can be extended to an outer regular Borel measure. An example will be given in §5 to show that these results are not correct. We now show that the first of these results is correct if the space is Hausdorff and paracompact. (We are indebted to the referee for having first pointed out to us that this result is true in a metrizable space.) Theorem 1. Any Baire measure p on a locally compact paracompact Hausdorff space X is outer regular.
Proof.
Let F be a member of £8a. We wish to show that p(E) = inf{p(0):0=>E, 0 open, Oe &a}. This is known (Proposition 14.6 of [6] )
when Ee¿í$a and trivial when p(E)=cc. Hence we may assume that p(E)<<x> and that A=X\E is cr-bounded. Since X is paracompact and locally compact, Ä is c-bounded; so, by the Baire sandwich theorem, Ä is contained in a countable union B of open subsets of S&a. A paracompact space is normal; so, by Urysohn's lemma, there exists a continuous function/such that/(x)=l for all x in /Í and/(x)=0 for all x in X\B. Let C={x:/(x)=l}.
C is a closed <&b which contains Ä, and, since C<=B, C is also o--bounded. Hence, given any £>0 there exists an open Baire set G containing CnE such that p(G)<p(CnE) + e. Then CU (X\C) is an open Baire set containing E, and since X\C=E\C,
The preceding theorem allows us to prove the following.
Proposition. Let X be a metrizable or o-compact locally compact Hausdorff space which is not compact. Then for any nonnegative extended real number a, there exists a regular Baire measure pi on Xsuch that p(X) = cn.
Proof.
Let {a"}"=1 be a sequence of nonnegative real numbers such that a=2" «"• If X is metrizable, let {x"}"=1 be a sequence of distinct elements of X which has no cluster point. Define a measure p on 3 §a such that pi(E)=2 {an:*n 6 E) f°r each E e £8a. A routine examination of pi shows that p is, in fact, an inner regular Baire measure on X and pi(X) = a. Theorem 1 guarantees that p be regular. If X is a-compact, let {Kn}ñ=1 be a sequence of compact (Sà subsets of X such that int(7^n) is a Baire set, int(Kn+x)^K", and ^Ur,^, for «=1,2, •••. Let Cn = K2n\(int(K2n_x)) for n=l, 2, • ■ ■ . Then Cn is a nonempty compact Baire set. Let pi" be any Baire measure on Cn such that pin(Cn) = a.n. Define a measure p on ¿Sa such that p(E)= y.npniEr¡Cn) for each Ee.@a.
Once again, a routine examination shows that pi is a (regular) Baire measure such that p(X) = v..
Corollary.
Let X be a metrizable or o-compact locally compact Hausdorff space. If X is not compact, then there exists a discontinuous positive linear functional on C0(X), the normed space of continuous realvalued functions on X with compact support.
The proof of this corollary follows immediately from the Riesz representation theorem. One might naturally conjecture that a similar theorm holds for all C0(X). This however is not true. In fact, there exist examples of noncompact locally compact spaces X for which every positive linear functional on C0(X) is continuous or, equivalently, for which p(X)<co for all inner regular Baire measures pi on X. A particular example with this property can be obtained from the topological space X of all ordinals less than the first uncountable ordinal furnished with the order topology. Every Baire measure on X is finite because every monotonie real-valued function on X is eventually constant.
As the following example shows, the analogue for Borel measures of Theorem 1 is not true. Let Y be the Euclidean plane. Define a topology on Y such that a subset £ of F is open if and only if the intersection of E with each vertical line L is an open set in L with respect to the usual topology of the line. The resulting space is a metrizable locally compact space, and we can define an inner regular Borel measure p on this space by letting pi(E)=J.L X(EC\L) where X is Lebesgue linear measure. If R denotes the horizontal axis, then R is a Borel set and pi(R)=0. However, pt(0)=oo for every open set, 0, containing R.
Even the presence of metrizability is not enough to imply that (outer regular) Baire measures are inner regular or that outer regular Borel measures are inner regular. The first of these claims can easily be seen by considering the following example: Let X be an uncountable set with the discrete topology, and let v be the measure which is zero on countable sets and one on their complements. Then v is a finite Baire measure which is outer regular but is not inner regular. The second of these claims can be seen by changing the measure p in the space y given above so that the new measure agrees with p on sets which are contained in a countable union of vertical lines and is infinity otherwise. The final assertion of the theorem can be verified by applying the above procedure to 2&a even if v is not finite or X is not paracompact. If v is finite or if A' is paracompact, then, alternatively, v can be extended to an inner regular measure on 36a, and the above procedure can be applied to 36 a.
5. Example. We conclude by constructing an example of a Baire measure p defined on 36a which is inner regular but not outer regular, p also has the following property : If fi is any Borel measure on 36'" which agrees with p on 36a, then ß is not outer regular. This last property makes it clear that p cannot be extended from 36a to 360 in such a way that assertion (ii) of Theorem 2 holds. Hence the statement of Theorem 2 requires some hypotheses such as finiteness of the measure or paracompactness of the space. This shows, of course, that Theorem 14.11 of [6] is not correct. The example also shows that Problem 14.10b of [6] is not correct. Our example is constructed as follows.
Let D be the set of all dyadic rational numbers, and let E=R\D be the complement of this set in the set of real numbers R. For each nonnegative integer n and for each integer j, let Dnj be the interval [j¡2n, (j+l)¡2n]. Ifj is an integer, let Dn ¡ be the singleton {DnJ}. Let X be the space whose points are elements of £u({Z>",f.n,j integers and n_0}). We topologize X as follows. If x g E and N<= X contains x, then N is a neighborhood of x exactly when N contains all but finitely many of the Dn /s for which x G [j¡2n, (j+\)¡2n].
If y=Dnj, then any set containing y is a neighborhood of y. It is not difficult to see that X becomes a locally compact Hausdorff space when the neighborhoods are defined as above and it is also not difficult to see that every subset of A' is a Borel set and the Baire sets are those subsets of X which are countable or cocountable. We define a measure p on the Baire sets of X such that for each Dn ¡, p({Dn_,-})=1/2" and for each Baire set B, pi(B)=^¿n.eB p({Dn ¡}). It is easy to see that p is indeed a Baire measure; furthermore, it is.also easy to see that p is inner regular, F is a Baire set and p(E)=0. To complete the example, we need only show that Since £=(Jf En, it must be true that the Lebesgue outer measure ?* of some £" is not zero. Suppose X*(En¡¡)>0. Then, for each w^n0, A*(Ui{/)m.A.ieO})^A*(£,)0).
Hence for each m^n0, p(0r^XJX *(Eng) where Xm={Dm f.j is an integer}. This implies that p*(Q) = co.
Thus, for any Borel extensionß of p, ß(0)= co for any open set 0 containing £.
